Abstract. Planar coincidence site lattices and modules with N-fold symmetry are well understood in a formulation based on cyclotomic fields, in particular for the class number one case, where they appear as certain principal ideals in the corresponding ring of integers. We extend this approach to multiple coincidences, which apply to triple or multiple junctions. In particular, we give explicit results for spectral, combinatorial and asymptotic properties in terms of Dirichlet series generating functions.
Introduction
Given a lattice G & R d , with d ! 2, it is interesting to know its coincidence site lattices (CSLs), which originate from intersections of G with a rotated copy. In fact, SOCðGÞ :¼ R 2 SOðdÞ j G : ðG \ RGÞ ½ < 1 f g ð1Þ is a group, whose structure in general (i.e., for d > 2) is not well understood. The coincidence index
of a rotation R is defined as the number of cosets of G \ RG in G (which can be 1), and the spectrum of finite S-values, S À SOCðGÞ Á , is often the first quantity considered, followed by counting all CSLs of a given index. Note that one can also consider the obvious extension to general orthogonal transformations R 2 OðdÞ and the corresponding group OCðGÞ. Coincidence lattices play an important role in the theory of grain boundaries [9, 13] , and small indices can be determined in suitable experiments.
The classification of these elementary or simple coincidences is partly done, in particular for low-dimensional lattices with irreducible symmetries, compare [7, 2] and references given there, but also for certain generalizations to quasicrystals [17, 2] . The situation for various related problems [4, 5] is similar. Although interesting questions concerning the Bravais types of the possible CSLs are still open, the general theory in dimensions d 4 is in rather good shape, see [2, 24, 25] and references given there.
More recent is the problem of optimal lattice quantizers [19] , and connected with it is the question for multiple coincidences. Here, one would like to classify all lattices that can be obtained as multiple intersections of the form
with R ' 2 SOðdÞ. One defines the corresponding index as
which is finite if and only if each R ' 2 SOCðGÞ, due to the mutual commensurability of the lattices G \ R ' G (we shall explain this in more detail below). Consequently, one attaches the group À SOCðGÞ Á m to the setting of m-fold coincidences. The corresponding spectrum is its image under S, while the full (or complete) coincidence spectrum of G is which often stabilizes: from a certain m on, the spectra are stable, i.e., they do not grow any more [26] . In our examples below, this actually happens at m ¼ 1, so that the spectrum is S G ¼ S À SOCðGÞ Á . Clearly, multiple coincidences are also relevant in crystallography, as they are the basis for triple or multiple junctions, in obvious generalization of twinning, compare [11] .
The problem of multiple coincidences is considerably more involved than that of the simple ones, in particular in dimensions d ! 3. However, for d ¼ 2, one can rather easily extend the treatment of elementary coincidences to multiple ones, building on the powerful and well understood connection to the algebraic theory of cyclotomic fields and to the analytic theory of the corresponding zeta functions. This is precisely what we shall do below, both for lattices and dense modules of the plane. The latter step makes the results applicable to planar quasicrystals that are used to model the so-called T-phases, which show a periodic stacking of planar layers with non-crystallographic symmetries [20] .
Before we expand on the mathematical tools, let us set the scene with a simple example. Afterwards, we shall treat all planar modules with N-fold symmetry, class number 1 (see below for an explanation), and rank fðNÞ, where f denotes Euler's totient function (as defined below in Eq. (23)). To facilitate crystallographic applications, we also provide explicit results, both in terms of Dirichlet series generating functions and in terms of tables; a corresponding Mathematica notebook file is avalailable at [12] .
The following exposition is based upon previous results, and on references [17] and [6] in particular. In order to keep our presentation concise, we shall use the notation established there and frequently refer to these references.
Example: The triangular lattice
Let us consider the triangular lattice, often also called the hexagonal lattice. Since rotations in the plane are most easily written as multiplication with a complex number on the unit circle, e ij , a suitable representative of the lattice should be formulated accordingly. With x 3 ¼ e 2pi=3 , one defines
which is a triangular lattice, with minimal distance 1 and thus a fundamental cell of area ffiffi ffi 3 p =2. At the same time, it is the set of Eisenstein integers (also called EisensteinJacobi integers), which form the ring of integers [14, Ch. 12 .2] of the cyclotomic field Qðx 3 Þ, a totally complex extension of the totally real field Q (and hence of degree 2 over Q).
A remarkable property of Z½x 3 is its unique prime decomposition, up to units. The latter form the cyclic group
of rotation symmetries of G, with Àx 3 being a possible generator for it. For any rational prime p (i.e., any prime of Z & Q), one of the following three possibilities applies, compare [14, Ch. 15 .3]:
1. p ¼ 3; this prime is called ramified, and factorizes
Up to a unit, 3 is thus the square of a prime in Z½x 3 . 2. p 2ð3Þ; these primes are called inert, because they stay prime in Z½x 3 . 3. p 1ð3Þ; these are the (complex) splitting primes, because they factorize as p ¼ w p Á w w p into a pair of complex conjugate primes of Z½x 3 that are not associated to one another (meaning that w p = w w p is not a unit in Z½x 3 ).
The last type of primes is the key to solving the coincidence problem. As was shown in [17] , any simple coincidence rotation of G of (6) is of the form
where the product runs over all rational primes 1 ð3Þ, with all t p 2 Z (only finitely many of them differing from 0), and where e is a unit in Z½x 3 , i.e., e 2 C 6 from Eq.
. An example with the smallest non-trivial index is shown in Fig. 1 .
The meaning (and the basic ingredient of the proof) is that e ij of (8) rotates one Eisenstein integer (the denominator) into another (the numerator). The corresponding CSL is then generated by w and x 3 Á w, where
is the numerator of e ij in (8) . Clearly, the CSL that emerges from Eq. (9) is the principal ideal ðwÞ ¼ w Z½x 3 . Its index in Z½x 3 , also called its total norm, is the corresponding coincidence index and reads
with S ¼ 1 precisely for e ij ¼ e 2 C 6 . This shows that the group of coincidence rotations has the structure
where Z ð@ 0 Þ stands for the direct sum of countably many infinite cyclic groups, each with a generator of the form w p = w w p , and the restriction mentioned after Eq. (8) . The set of possible indices, S À SOCðZ½x 3 Þ Á , forms a semigroup with unit, generated by 1 and the rational primes p 1ð3Þ, the latter being called basic indices.
If c 3 ðkÞ denotes the number of CSLs of G of index k, it is a multiplicative arithmetic function (i.e., c 3 ðk'Þ ¼ c 3 ðkÞ c 3 ð'Þ whenever k; ' are coprime). Consequently, its determination is most easily achieved by means of a Dirichlet series generating function. The result reads [17] This can also be expressed in terms of zeta functions, is Dedekind's zeta function of the cyclotomic field Qðx 3 Þ, with a 3 ðkÞ the number of ideals of Z½x 3 of index k, see [22] for details. Both zeta functions converge absolutely on the right half-plane fs 2 C j Re ðsÞ > 1g, simply written as fRe ðsÞ > 1g from now on.
Since all CSLs of G are themselves triangular lattices (in particular, they are similarity sublattices of G), the problem of simple coincidences is thus solved. From Eq. (13), one can also extract the asymptotic behaviour of the arithmetic function c 3 ðkÞ. The result is [17] P
where f ðxÞ $ gðxÞ means lim
f ðxÞ gðxÞ ¼ 1.
Let us now consider multiple coincidences (which are meant to include the simple ones, of course). The starting point is the rather obvious observation that
If the result is still a sublattice of G (and thus of finite index in it), each ðG \ R ' GÞ itself must be a CSL. This necessary condition is also sufficient, because any two sublattices of G are commensurate, i.e., their intersection is still a (full) sublattice of G. So, we get a CSL in (16) 
which is indeed a principal ideal again, due to the unique prime factorization (up to units) in Z½x 3 . Since each w i is of the form (9), one quickly checks that multiple coincidences cannot enlarge the list of possible indices, though they can lead to more solutions for a given index, hence to genuinely multiple CSLs. Grouping the solutions from Eq. (17) according to their coincidence indices, one finds the following result.
t is the prime decomposition of an integer k > 1 into rational primes, the triangular lattice G has no CSL of index k unless all p j 1ð3Þ. In that case, the number of multiple CSLs of index k is given by the multiplicative arithmetic function
Moreover, the Euler product representation of the corresponding Dirichlet series generating function reads
with absolute convergence on fRe ðsÞ > 1g.
Proof. Clearly, each ðw i Þ in (17) must be a simple CSL of G for the total coincidence index to be finite, hence all p j 1ð3Þ from Eq. (8) .
Then, each factor p r of k, as p ¼ w w w is a complex splitting prime, can contribute a factor of the form ðw rÀ' w w ' Þ to the lcm of Eq. (17), with 0 ' r. Any principal ideal ðw rÀ' w w ' Þ, in turn, is either a simple CSL itself (if ' ¼ 0 or ' ¼ r) or the intersection of two simple CSLs.
So, for the prime p, which enters the decomposition of k as p r , this amounts to r þ 1 different possibilities. Since the different primes give independent choices of this kind, one obtains b 3 ðkÞ as the product stated above, and the multiplicativity of this arithmetic function is obvious.
The Dirichlet series has the form claimed, as one can see from its Euler factors, using the identity ð1 À xÞ À2 ¼ P 
:
To expand on the first difference between simple and double coincidences, consider p ¼ 7, which is the smallest rational prime 1ð3Þ. It splits as 7 ¼ w Á w w with w ¼ 2 À x 3 , and both the ideals ðw 2 Þ and ð w w 2 Þ appear as simple CSLs (of index S ¼ 49), while ðw w wÞ ¼ ð7Þ is only possible as multiple CSL -namely as the intersection of the ideals ðwÞ and ð w wÞ, both being simple CSLs (of index 7, as in Fig. 1 ). Note that ðw w wÞ ¼ ðwÞ \ ð w wÞ is, at the same time, a simple CSL for the lattice ðwÞ, because the latter is rotated into ð w wÞ by e ij ¼ w w=w. Asymptotically, the surplus of multiple CSLs leads to an additional factor in comparison to Eq. (15), so that
with
The convergence of this product turns out to be rather slow (to put it mildly), whence one needs a different method to actually calculate q 3 . As we shall show below in greater generality, this is achieved by means of the identity
Although this looks just like another infinite product representation, its convergence is spectacularly fast 1 . Also, it is monotonically increasing, which is helpful to derive error bounds for the actual numerical calculations in this case.
Cyclotomic integers with class number one
The example of the triangular lattice was chosen because it is both simple and paradigmatic. The square lattice, when identified with the ring Z½i of Gaussian integers [14] , can be treated in the same way, leading to analogous expressions, with C 4 ¼ fAE1; AEig instead of C 6 and with the congruence condition p 1ð4Þ rather than p 1ð3Þ, see [2] for details. For the square lattice, the first example of a genuinely multiple CSL occurs for S ¼ 25. The corresponding situation is illustrated in Fig. 2 , and is completely analoguous to the situation met above for the triangular lattice, here with 5 ¼ ð1 þ 2iÞ ð1 À 2iÞ.
As we shall now show, the situation actually extends immediately to all rings of integers Z½x n in cyclotomic fields Qðx n Þ with class number 1 (excluding Q itself).
These emerge for the following 29 choices of n, Here, we view each set O n ¼ Z½x n (i.e., the ring of polynomials in x n ) as a point set in C, where x n is a primitive n-th root of unity. To be explicit (which is not necessary), we choose x n ¼ exp ð2pi=nÞ. Apart from n ¼ 1 (where
, the values of n in (21) correspond to all cases where Z½x n is a principal ideal domain and thus has class number one, see [22, 4] for details. If n is odd, we have O n ¼ O 2n . Consequently, O n has N-fold symmetry, where
To avoid duplication of results, integers n 2ð4Þ do neither appear in the above list (21) nor in our further exposition.
The values of n from the list (21) are naturally grouped according to fðnÞ, which is Euler's totient function
The set O n , which is the so-called maximal order [10] of the cyclotomic field Qðx n Þ, turns into a lattice in R fðnÞ by means of Minkowski's embedding, compare [10] , while it is a dense subset of R 2 whenever fðnÞ > 2. Note that fðnÞ ¼ 2 covers the two crystallographic cases n ¼ 3 (triangular lattice) and n ¼ 4 (square lattice), while fðnÞ ¼ 4 means n 2 f5; 8; 12g which are the standard symmetries of planar quasicrystals, as they occur as layers in so-called T-phases, compare [20] . Again, n ¼ 6 and n ¼ 10 are covered implicitly, as explained above.
The rings of integers O n arise in quasicrystal theory in several ways. One is in the form of the Fourier module that supports the Bragg peaks of X-ray diffraction [20] . Another is via the limit translation module of a (discrete) quasiperiodic tiling [3] . Characteristic points of the latter (e.g., vertex points) are then model sets (or cut and project sets) on the basis of the entire ring O n , viewed in parallel as a (dense) point set in R 2 and as a lattice in R fðnÞ , see [2, 16] for details. Such sets are also called cyclotomic model sets.
To come to an efficient formulation, one needs another field, namely the maximal real subfield of Qðx n Þ, and its ring of integers. From now on, we shall thus use the following notation:
The next result about the relation between these fields and rings of integers is standard [22] .
Lemma 1 Let x n be a primitive n-th root of unity. The smallest field extension of Q that contains x n is the cyclotomic field K n . It is an extension of Q of degree fðnÞ, with O n as its ring of integers (and its maximal order). Moreover, L n is the maximal real subfield of K n , with O n as its ring of integers. For n ! 3, K n is an extension of L n of degree 2, while L n has degree fðnÞ=2 over Q.
&
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M. Baake and U. Grimm 1 We thank Peter Pleasants for pointing this out to us. In our example in Section 2, we had n ¼ 3. Consequently, with x 3 ¼ e 2pi=3 , one finds
with t ¼ ð ffiffi ffi 5 p þ 1Þ=2 being the golden ratio.
Simple coincidences for cyclotomic integers
One advantage of the number theoretic formulation is that the treatment of G ¼ O 3 from Section 2 can be extended to O n for all n from the list (21) . For simple coincidences, this was done by Pleasants et al. in [17] . This first requires the extension of the basic definitions from lattices to more general Z-modules of finite rank, imbedded in Euclidean space. This is possible without difficulty in the natural group theoretic setting [2, 17] , leading to the concept of a coincidence site module (CSM).
Here, we shall first summarise the main results of [17] , and then completely work out all 29 cases. The extension to multiple coincidences follows in the next section.
Below, we shall always make the assumption that we deal with O n , where n is an element from our list (21) . Since these are the cases with class number one, we shall abbreviate this assumption as (CN1). In this case, also the maximal real subfields L n have class number one, see [22, Prop. 11.19] .
As in our example (n ¼ 3) in Section 2, a prime p in O n , relative to O n , is either ramified, inert, or splits into a pair of complex conjugate primes of O n . However, in addition to our example, a rational prime p may or may not factorise into several primes of O n , i.e., we need to look at the splitting pattern of rational primes with respect to the double extension K n =L n =Q. Fortunately, the relevant contribution to the coincidence problem only comes from the so-called complex splitting primes C. They form a subset of the rational primes P, characterised by splitting (at least) in the extension step from L n to K n . Various examples of the relevant splitting structure are given in [17] , see also [5] for their appearance in a related problem.
It was shown in [17] that, under (CN1), an integer k 2 N is a non-trivial coincidence index if and only if it is a finite product of so-called basic indices [17] . They emerge from the structure of prime ideals in a way that we shall briefly recall below. The corresponding set of indices is thus a semigroup with unit, a property that is lost without (CN1).
In our situation with (CN1), the coincidence group is Abelian and has the structure
with N according to Eq. (22), very much in analogy to (11) , which is the case n ¼ 3, though with slightly more complicated expressions for the generators, compare [17] . As above, Z ð@ 0 Þ indicates the restriction that each element is a finite product of powers of generators.
Theorem 1 (CN1). Let C & P denote the subset of complex splitting primes for the field extension K n =Q. If c n ðkÞ denotes the number of simple CSMs of O n of index k, its Dirichlet series generating function is given by
with characteristic integers ' p and m p as given in Tables 1  and 2 . This Dirichlet series converges absolutely on the half-plane fRe ðsÞ > 1g. It can be expressed as a ratio of zeta functions,
otherwise ; & where z F ðsÞ denotes the Dedekind zeta function of the field F. The first terms of these Dirichlet series generating functions are given in Table 4 .
Proof. Though a proof was given in [17] , we briefly recall the relevant ingredients for the convenience of the reader. A rotation z ¼ e ij produces a CSM of O n if and only if it can be written as the quotient u=v of two integers u; v 2 O n , meaning that v is rotated into u, and one has
Moreover, due to (CN1), the integers u and v can always be chosen coprime (up to units from O n ), and the representation z ¼ u=v is unique in this sense.
Observe that the relative norm of z 2 K n over the maximal real subfield L n is norm K n =L n ðzÞ ¼ jzj 2 , where relative norms of integers (resp. units) in O n are integers (resp. units) in O n . For z ¼ u=v 2 SOCðO n Þ, with u; v coprime, we clearly must have
Consequently, every prime factor of n in O n must now factor into two non-associated primes of O n , one of which divides u only, while the other divides v only. This restricts us to primes p 2 O n that split as p ¼ w p w w p in the extension from L n to K n , with w p = w w p not a unit in O n . They are precisely the ones lying over the rational complex splitting primes p for the extension K n =Q. All other primes have cancelled out in the quotient u=v, possibly up to a unit. Each z 2 SOCðO n Þ can thus be written as a finite product,
where p runs over the primes of O n that divide n and split as described, and e is a unit in O n . Given a complex splitting prime p 2 C, there are m p =2 pairwise non-associated primes p i 2 O n that lie over p. Consequently, twice as many primes appear in O n , coming in complex conjugate pairs fw p i ; w w p i g. Each single such prime has norm p ' p (meaning that the principal ideal defined by it has index p ' p in O n ). Moreover, the CSM obtained from a rotation z as above is the principal ideal generated by its numerator, which has index
Collect now all possibilities that result in the same index. For each single factor, the corresponding rotation can either be clockwise or anticlockwise, which give different CSMs. This contributes to the overall generating function a factor of the form
with x replaced by p ' p , which then appears precisely m p =2 times. Taking the product over all complex splitting primes, the first claim follows.
The convergence statement is standard, as is the representation by means of zeta functions. The latter will become clearer from our further discussion, too.
The integers ' p and m p are characteristic quantities that depend on n and on the prime p. In particular, m p is the number of prime ideal divisors of p in O n , and ' p is their degree (also called the residue class degree) [22] . With the usual approach of algebraic number theory, its determination (and that of the corresponding m p ) depends on whether p divides n or not. If p 6 j n, ' p is the smallest integer such that p ' p 1ðnÞ, and m p ¼ fðnÞ=' p . Clearly, the result only depends on the residue class of p modulo n. The numbers ' p and m p are contained in Table 1 Table 2 . For a step-by-step derivation of these claims, see Facts 1-3 and Appendix B of [17] . Table 1 . Complex splitting primes of K n =Q, with n from the list (21) , that originate from rational primes p 6 j n (unramified) Referring back to [6, 22] , and to the theory of Dirichlet characters summarized there, one can express the zeta functions in terms of L-series as follows,
where a character c is called even if cðÀ1Þ ¼ 1 and the Lseries read
Lðs; cÞ ¼ P 1 k¼1 cðkÞ k s :
As in [6, 22] ,Ĝ G n denotes the set of primitive Dirichlet characters for the field extension K n =Q, and thus contains fðnÞ elements. The principal character in this formulation, c 0 1, always leads to Lðs; c 0 Þ ¼ zðsÞ, i.e., to Riemann's zeta function itself. This is a meromorphic function on C, with a single simple pole of residue 1 at s ¼ 1, and no zeros in the closed half-plane fs 2 C j Re ðsÞ ! 1g. All remaining L-series are entire functions on C, without any zeros in this half-plane either, compare [1, Thm. 12.5] or [22, Ch. 4] . Note that
under the assumption (CN1), counts the principal ideals of O n , so that a n ðkÞ is the number of similarity sublattices or submodules of O n of index k. It was previously shown in [6, Thm. 2] that A n ðxÞ :¼ P k x a n ðkÞ $ a n x ;
with the growth constant
Examples are given in Table 3 .
Let us next explain how to calculate the coefficients c n ðkÞ defined in Theorem 1 explicitly. Under our assumption (CN1), the arithmetic function c n ðkÞ is multiplicative, whence it is sufficient to know the values c n ðp r Þ for all primes p and powers r > 0. On the level of the generating function, this corresponds to expanding the factors Eðp Às Þ of the Euler products Q p Eðp Às Þ, where p runs over the primes of Z.
Here and below, each Euler factor is either of the form
or, as for FðsÞ above, reads
Multiple planar coincidences with N-fold symmetry 577 Table 2 . Contribution to splitting primes by ramified rational primes with corresponding integers ' p and m p for Z½x n , with n from the list (21) . Here, r is the p-free part of n, and ' p m p ¼ fðrÞ. These two formulas follow easily from expanding 
with the residue
Lð1; cÞ, withĜ G n denoting the set of primitive Dirichlet characters of K n =Q.
Proof. The coefficients c n ðkÞ are non-negative numbers, and their generating function F n ðsÞ, by Theorem 1, is a meromorphic function on the half-plane fRe ðsÞ > 1 = 2 g, with a single simple pole at s ¼ 1. Delange's theorem then results in the asymptotic linear growth as claimed, with the residue of F n ðsÞ at s ¼ 1 as growth constant. Its calculation is obvious from Theorem 1 together with formulas (25) and (26) .
One way to calculate the residues uses the factorization of our zeta functions into L-series, followed by rewriting the latter in terms of the Hurwitz zeta function, compare [ 
In [6] , we additionally used the class number formula to transform the calculation of res s¼1 À z K n ðsÞ Á into an algebraic problem. However, given the fact that zðs; aÞ and GðsÞ are accessible by means of algebraic program packages to arbitrary numerical precision, it seems easier to directly use formulas (25) and (26) together with (31) for these calculations. Some results 2 are given in Table 3 .
Multiple coincidences
In generalisation of what we explained in Section 2, we are now interested in multiple intersections of the form
provided that this is a submodule of full rank, and the corresponding index
We call such intersections multiple coincidence site modules, or multiple CSMs for short.
Theorem 2 (CN1). Let b n ðkÞ denotes the number of multiple CSMs of O n of index k, including the simple ones. Then, its Dirichlet series generating function is given by
with C once again the complex splitting primes of the field extension K n =Q and ' p , m p the characteristic integers introduced above. This Dirichlet series converges absolutely on the half-plane fRe ðsÞ > 1g. The first terms of the difference Y n ðsÞ À F n ðsÞ are given in Table 5 .
Proof. Observe as before that
This shows that the multiple intersection is a submodule of O n of full rank fðnÞ if and only if each O n \ e ij ' O n is a simple CSM of O n , each of which is a principal ideal of O n due to (CN1). Consequently, the multiple intersection is the lcm of the simple CSMs involved, as in Eq. (17) .
For each prime ideal p of O n that lies over the complex M. Baake and U. Grimm 2 Please note that the exact value of g 7 shown in [17] should be replaced by g 7 ¼ 21 ffiffi ffi 7 p R 16p 3 , with the regulator R as given there. splitting prime p, the combinatorial argument used in the proof of Proposition 1 applies independently. This modifies each factor of the Euler product decomposition of Theorem 1 in the same way as in our previous example (the triangular lattice), i.e., each term of the form ð1 þ xÞ in the numerator is replaced by a term ð1 À xÞ À1 , with x ¼ p À' p s . This gives the new Euler product, which clearly converges as claimed.
Comparing Y n with F n , one notices that the two Dirichlet series have precisely the same terms non-vanishing, i.e., b n ðkÞ 6 ¼ 0 if and only if c n ðkÞ 6 ¼ 0. This implies Corollary 2 (CN1). The spectrum of possible coincidence indices remains unchanged by the addition of multiple coincidences. In particular, the total spectrum S O n is the semigroup generated by 1 and the basic indices given in Tables 1 and 2 .
Moreover, as in Section 2, all multiple CSLs or CSMs can actually be obtained from double intersections. Consequently, Y n ðsÞ is, once again, also the generating function for this situation.
Clearly, there is an ordering, Y n ðsÞ # F n ðsÞ, in the sense that b n ðkÞ ! c n ðkÞ for all k ! 1. In Table 5 , we list the first terms of the difference, Y n ðsÞ À F n ðsÞ. In fact, one quickly checks that z K n ðsÞ # Y n ðsÞ # F n ðsÞ ð 34Þ in this sense, because every CSM of O n is a principal ideal of this ring, but not necessarily vice versa, so that a n ðkÞ ! b n ðkÞ ! c n ðkÞ for all k 2 N. The summatory functions for the coefficients of F n ðsÞ and of z K n ðsÞ both show linear growth, see Corollary 1 and [6, Thm. 4]. Consequently, by monotonicity, the same behaviour shows up for the coefficients of Y n ðsÞ.
To gain a better understanding of Y n ðsÞ, and to prepare for our later analysis of asymptotic properties, we observe the fundamental relation
which is certainly valid for all s 2 C with Re ðsÞ > Table 4 . First terms of the Dirichlet series from Theorem 1 for simple coincidences, for integers from the list (21); see also [12] . 
for any integer L ! 0. Moreover, one also has
which is absolutely convergent on fRe ðsÞ > 1g.
Proof. The first claim follows by simple induction (in L) from Eq. (35).
If Re ðsÞ > 1, it is clear that Re ð2 L sÞ ! 1 as L ! 1. In this limit, by well-known properties of convergent Dirichlet series, one has Y n ð2 L sÞ ! b n ð1Þ ¼ 1 and F n ð2 L sÞ ! c n ð1Þ ¼ 1 :
If we write s ¼ s þ it, these limits are uniform in t 2 R, see [1, Thm. 11.2] . One obvious consequence is
but the above observation also gives the absolute convergence of the infinite product involved, because its logarithm,
converges absolutely on fRe ðsÞ > 1g. Observe that, by analytic continuation, the product
starting with F n ð2sÞ 1=2 , defines an analytic function on fRe ðsÞ > 1=2g without any zeros in this half-plane (the absence of zeros can actually be extended to its closure, fRe ðsÞ ! 1=2g, by known properties of zðsÞ and the L-series involved). This shows that F n ðsÞ and Y n ðsÞ share the positions of their zeros and poles, when defined by analytic continuation on this half-plane. In particular, they both have a single simple pole in fRe ðsÞ > Without any reference to this (still unproved) hypothesis, one has, by standard arguments on the basis of compact convergence, the following result. which is an analytic and zero-free function in this halfplane.
In particular, Y n =F n has a well-defined positive value at s ¼ 1.
At this point, we can state the asymptotic result for the summatory function of the coefficients b n ðkÞ. with the growth constant
Corollary 4 (CN1)
Here, the constant q n has the monotonically increasing and rapidly converging product representation q n :¼ lim
Proof. The monotonicity w.r.t. # stated in (34), together with the analyticity properties of Y n ðsÞ, implies that Y n ðsÞ also has a simple pole at s ¼ 1, and no other singularity in fRe ðsÞ ! 1g. Delange's theorem then yields the claim on the asymptotic behaviour. The second statement is almost immediate from our above discussion. Clearly, F n ð2 ' Þ > 1 for all ' 2 N, hence also F n ð2 ' Þ 1=2 ' > 1, which gives the monotonicity, while convergence follows from Corollary 3 and Proposition 2.
In Table 3 , we give the numerical values of the residues of the three types of generating functions we have encountered. Some values for a n and g n , including exact expressions (except for g 7 , see a previous footnote), are also contained in [6] and [17] , respectively.
Outlook
It is desirable to extend the above analysis to higher dimensions, which is significantly more involved due to non-commutativity of the SOC-groups in these cases. Nevertheless, quite a bit is known for simple coincidences [2, 24, 25] , and first steps are in sight for multiple ones [26] .
Also, in the planar case, one would like to get rid of the assumption (CN1). This is already pretty tricky for simple coincidences, see [17] for an example (n ¼ 23), but some further results seem possible.
Finally, there are many open questions concerning the structure of the SOC-groups, particularly for dimensions d ! 3. As they are a natural extension of point symmetry groups, they certainly deserve further attention.
